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Zero order systems

a,-Out(t)=b, - In(t)

In Out
Out(t) _ by . ) L
In(t) a,
o Examples:

Resistor (ideal): V(t)= R*I(t)
Spring (ideal): F(t)= k*x(t)



First order systems
dOu(r)
dt

@ d0utt) | ()= (o)

a, dt a,

+a, - Out(t)= b, - In(t)

a,

a, ..
— = time constant [ sec]
d
o Examples (energy storing):
Temperature sensor put in a heated bath
Room heating

(Dis)charging battery



Temperature sensor putin a
cooled bath

0.00°C
QAdd o QLOSS — QHeat—up 1(177(:0 E?. C_él‘
QLOSS =0 f(& %Iée(%{l)c]i Q‘{/
Qsaa = aA(Te - Tz) t{\'water %ﬁ
dT g
QHeat—up = mC dt
aA(Te —Tt)z mC a1, =-mC d(Te _Tt)
dt dt



Solution
(for the step response)

-7 =(-T e

—1

T,=T,—(T,-T, Jre

m*c
T =
a* A
I, =sensor temperatureat 7 =0

Example: room temperature in Simulink



Step response
first order system
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Response to sine input
) dOut(t)
dt
In(t)=1I,e"
Assume : Out(t) = O,e"

50, +0,e" =0, (s +1)=k-I e"

+Out(t)=k - In(t)

Out(t) k
In(t) s+l

S=1-0

Out(t) k

In(t) Creiew+]



Second order systems

2
- d"Out(1) iy dOut(?)

G L +a, - Out(t) = b, - In(t)
2
a, dt a, dt dy

/a .
— = @, eigenfrequency of the system
d

2\/ a,-d,

y dampings factor



Tacoma Narrows bridge
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Free vibrations,
unforced



Simple Harmonic Motion
F(x)=—k-x

F=0
Xx=0
F,
........... II
Xx<0
© F
NLI

x>0
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Equations of
Simple Harmonic Motion

Newton’s law,
force balance: — k X=m-da

_dv_d(dx d’x
d dt\dt ) dt?

A

2
d?:kx=0
dt m




( I )
Solution: x(¢)=A4-sin| ,|— -t + ¢
d’x k \ - /
—+—x=0
dt- m

:A \/? cos(\/E ]
m m
dt m m




Parameters of
Simple Harmonic Motion

x(t) = A-sin(w-t +¢)

k 0,
Angular frequency: @ = . |[— 1n rad/s Frequency: f = —
m 2
Phase: @I+ ¢ in rad
Amplitude: A
27 | | -
Period time: [ = — Time required for one complete oscillation.

o f



Solution graphically
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Circular Motion and
Simple Harmonic Motion

x(t)=r- COS(Q(t))
Reference y(t)=r- Sin(‘g(t))
/ e : Stelzé’(t)=a)'t+¢

\/ - x(t)=r-cos(w-t+ @)
y(t)=r-sin(w-t+ @)




Grandfather clock

o The oscillations of
the pendulum was
used to keep time




A Simple Pendulum,

Sum of all torques around rotation center:
d’o
dt’

—mgl sin @ = ml?

Assume small amplitudes of 0
(Taylor expansion) sin 6 = 0

2
df+g9:0
dt [

Techn hU
I eEdh
ity of Technology



Solution:

0(t) = A-sin(w-t +¢)
A =amplitude
¢ = phase constant

@ = angular frequency = \/%

Compare with: x(t) =4- sm(a) -1+ ¢)\/ ) = \/E
m

for translatory vibrations



Damped Oscillations

o Real systems have damping for
instance through friction.

o Since friction is a dissipative force the
amplitude of oscillations must
decrease with time.

o The frictional force is often caused by
the medium in which the oscillating
body is immersed.



Example: Gas damper
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Mass-spring-damper system




Damped oscillations

dt
b = damping constant

Newton's second law :

ZFx:m~ax

2
—k-x—b-@:m-df
dt dt
2
d +b- d—+k x=0
dt dt

TU/e:
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Complex numbers
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Solution using complex
variables

Suppose the solution is of the form:
x(t ) — 4.

V(1) = s-A-et
a()=s*- A"



2
m%+bg+kx O
(Sz-m+ S b+ k) A &Y =

b k

F+s—++—=0
m m

< 7Y

’)/=

k
-
b
2m
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S+2y-s+w;=0

Quadratieq,.
) -bi\/b2—4ac= Sy RN VVEY. )
° 24 2
S2=-Y i\/}’z‘wg



3 cases
Underdamped: y <1

k b
L
m 2m

x(t) =A-e" cos(wt+ @)
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Critically damped

y =1
x(t) = e‘”(ﬁl1 -t+A2)

A2 * 1 D‘
8T
Bt
44 Critical
X Damping
X0
21
0 } ! ' + } } + Time
0.4 0.6 1.0 1.2 1.4 1.6 (sec)
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Overdamped
x()=Ae"' + Ae’

b= (bF - 4km)"°

V12~

2m

A1 +A2 1.0
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Forced Oscillations
and Resonance



Fourier series

o Each periodic function (piecewise smooth,
continuous and periodic) can be rewritten as:

f(@)= %ao + i[an .cos(w, -t)+b, -sin(w, )]

n=1

2
W =n-—-
T

a, = %jf(t)-cos(a)n -t)a’t

5
b, == [ f(t)-sin(w, - )i
T t‘l
TU/e i



Example sawtooth

harmonics: 1
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Newtons

Newtons

Square Wave: Generated by Harmonics

1.2 4

0.8 |

0.6

0.4 1

0.2 |

Seconds

Frequency Spectrum: Square Wave
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0.7 4
0.6 |
0.5 4
0.4 1
0.3 1
0.2 1
0.1 1
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Thus

o When one knows how a system
reacts to sine and cosine functions
one knows how a system reacts to
any periodic function!

o Remark: A cosine function is a sine
function with a phase difference of n/2
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Fourier Transforms

o Mathematical software packages implement
Fourier Transforms

Discrete Fourier Transform (DFT)
Fast Fourier Transform (FFT)

Matlab:

Help search Fourier

Mathematica

http://demonstrations.wolfram.com/ExamplesOfFo
urierSeries/

Techn hU
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Mass-spring-damper system




Equation forced vibration

ZFx:m-ax

F(t) — F;xcthion ) COS(a)excitation ) ZL)
dx d*x
— k "X — b — F;xciMIion - CO S(a)excitation ) t) =m- 2
dt dt
d*x dx
m- 5 + b Tt k "X = F;xcimtion ) Cos(a)excitation ) t)
dt dt



Solution

X(t) X CO S( excztatzon ) t o ¢)

b

- 2~k -m
X — excitation 1

ko Ja-rY+@-¢-r)

— a)excitation — ]Fexcitation
weigen feigen
2:C-r
¢ = arctan 5 >
-7
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Xk
K,

Amplification Ratio

4.5

[
o

0.5

Forced response mass-

spring damper system
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Frequence response function of
a mass spring damper system

Frequency response of ideal harmonic oscillator
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Logarithmic scales!
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Input — FRF - Output

Input Force Frequency Response Vibration
(Amplitude, Frequency, (mass,damping, stiffness) (Amplitude, Frequency,

Phase) Phase)

FHa) x  Hw X(w)

Frequency Spectrum: Square Wave Force Frequency Response Frequency Spectrum: Resulting Vibration

0.8 0.5
Time Domain:Square Wave Force Time Domain: Resulting Vibration
2
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Simulink Mass-Spring-
Damper Example

Simulink example: MassaVeerDemperStep



Equivalent systems

: : Series RLC:
Translational |Series RLC

mechanics f— / 1
Position x Current i L-C

Mass m Inductance L Li+R-i+i/C=¢

Spring k Elastance

Translational mechanics:

1/C ?
Damper b Resistance R /= ' \/7

m-xXx+b-x+k-x=F(t)

Drive Force di/dt

F( TU /e i



Realistic systems:

o Sum of N second order systems, N= 0
o Sum of M first order systems, M =0
o Sum of P zero order systems, P =0



The typical system responses, in the time domain, to an input step
In the time domain.

SUMMARIES
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1th order system response
to step in time

= —
/

/

/

/
/
[

T(t) Tend — (Tend — Tbegzn) ' e_Tt
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Newtons

(Amplitude, Frequency,

o
o

e
3

o
Y

4
o

o
=

54
w

o
N

o

0

Input Force
—

Phase)

Frequency Response

(mass,damping, stiffness)

F(a)) X

Frequency Spectrum: Square Wave Force

Time Domain:Square Wave Force
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2"d order system response
to block function in time

Vibration
(Amplitude, Frequency,
Phase)

X(w)

Frequency Spectrum: Resulting Vibration
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Time Domain: Resulting Vibration
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